Preface
What Is Meant by “Planning Algorithms”?
Due to many exciting developments in the ﬁelds of robotics, artiﬁcial intelligence,
and control theory, three topics that were once quite distinct are presently on a
collision course. In robotics, motion planning was originally concerned with problems such as how to move a piano from one room to another in a house without
hitting anything. The ﬁeld has grown, however, to include complications such as
uncertainties, multiple bodies, and dynamics. In artiﬁcial intelligence, planning
originally meant a search for a sequence of logical operators or actions that transform an initial world state into a desired goal state. Presently, planning extends
beyond this to include many decision-theoretic ideas such as Markov decision processes, imperfect state information, and game-theoretic equilibria. Although control theory has traditionally been concerned with issues such as stability, feedback,
and optimality, there has been a growing interest in designing algorithms that ﬁnd
feasible open-loop trajectories for nonlinear systems. In some of this work, the
term “motion planning” has been applied, with a diﬀerent interpretation from its
use in robotics. Thus, even though each originally considered diﬀerent problems,
the ﬁelds of robotics, artiﬁcial intelligence, and control theory have expanded their
scope to share an interesting common ground.
In this text, I use the term planning in a broad sense that encompasses this
common ground. This does not, however, imply that the term is meant to cover
everything important in the ﬁelds of robotics, artiﬁcial intelligence, and control
theory. The presentation focuses on algorithm issues relating to planning. Within
robotics, the focus is on designing algorithms that generate useful motions by
processing complicated geometric models. Within artiﬁcial intelligence, the focus
is on designing systems that use decision-theoretic models to compute appropriate
actions. Within control theory, the focus is on algorithms that compute feasible
trajectories for systems, with some additional coverage of feedback and optimality.
Analytical techniques, which account for the majority of control theory literature,
are not the main focus here.
The phrase “planning and control” is often used to identify complementary
issues in developing a system. Planning is often considered as a higher level process than control. In this text, I make no such distinctions. Ignoring historical
connotations that come with the terms, “planning” and “control” can be used
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interchangeably. Either refers to some kind of decision making in this text, with
no associated notion of “high” or “low” level. A hierarchical approach can be
developed, and either level could be called “planning” or “control” without any
diﬀerence in meaning.
Who Is the Intended Audience?
The text is written primarily for computer science and engineering students at
the advanced-undergraduate or beginning-graduate level. It is also intended as
an introduction to recent techniques for researchers and developers in robotics,
artiﬁcial intelligence, and control theory. It is expected that the presentation
here would be of interest to those working in other areas such as computational
biology (drug design, protein folding), virtual prototyping, manufacturing, video
game development, and computer graphics. Furthermore, this book is intended for
those working in industry who want to design and implement planning approaches
to solve their problems.
I have attempted to make the book as self-contained and readable as possible.
Advanced mathematical concepts (beyond concepts typically learned by undergraduates in computer science and engineering) are introduced and explained. For
readers with deeper mathematical interests, directions for further study are given.
Where Does This Book Fit?
Here is where this book ﬁts with respect to other well-known subjects:
Robotics: This book addresses the planning part of robotics, which includes
motion planning, trajectory planning, and planning under uncertainty. This is only
one part of the big picture in robotics, which includes issues not directly covered
here, such as mechanism design, dynamical system modeling, feedback control,
sensor design, computer vision, inverse kinematics, and humanoid robotics.
Artificial Intelligence: Machine learning is currently one of the largest and
most successful divisions of artiﬁcial intelligence. This book (perhaps along with
[382]) represents the important complement to machine learning, which can be
thought of as “machine planning.” Subjects such as reinforcement learning and
decision theory lie in the boundary between the two and are covered in this book.
Once learning is being successfully performed, what decisions should be made?
This enters into planning.
Control Theory: Historically, control theory has addressed what may be considered here as planning in continuous spaces under diﬀerential constraints. Dynamics, optimality, and feedback have been paramount in control theory. This
book is complementary in that most of the focus is on open-loop control laws,
feasibility as opposed to optimality, and dynamics may or may not be important.
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Nevertheless, feedback, optimality, and dynamics concepts appear in many places
throughout the book. However, the techniques in this book are mostly algorithmic, as opposed to the analytical techniques that are typically developed in control
theory.
Computer Graphics: Animation has been a hot area in computer graphics in
recent years. Many techniques in this book have either been applied or can be
applied to animate video game characters, virtual humans, or mechanical systems.
Planning algorithms allow users to specify tasks at a high level, which avoids
having to perform tedious speciﬁcations of low-level motions (e.g., key framing).
Algorithms: As the title suggests, this book may ﬁt under algorithms, which is a
discipline within computer science. Throughout the book, typical issues from combinatorics and complexity arise. In some places, techniques from computational
geometry and computational real algebraic geometry, which are also divisions of
algorithms, become important. On the other hand, this is not a pure algorithms
book in that much of the material is concerned with characterizing various decision processes that arise in applications. This book does not focus purely on
complexity and combinatorics.
Other Fields: At the periphery, many other ﬁelds are touched by planning algorithms. For example, motion planning algorithms, which form a major part of
this book, have had a substantial impact on such diverse ﬁelds as computational
biology, virtual prototyping in manufacturing, architectural design, aerospace engineering, and computational geography.
Suggested Use
The ideas should ﬂow naturally from chapter to chapter, but at the same time,
the text has been designed to make it easy to skip chapters. The dependencies
between the four main parts are illustrated in Figure 1.
If you are only interested in robot motion planning, it is only necessary to read
Chapters 3–8, possibly with the inclusion of some discrete planning algorithms
from Chapter 2 because they arise in motion planning. Chapters 3 and 4 provide
the foundations needed to understand basic robot motion planning. Chapters 5
and 6 present algorithmic techniques to solve this problem. Chapters 7 and 8
consider extensions of the basic problem. If you are additionally interested in
nonholonomic planning and other problems that involve diﬀerential constraints,
then it is safe to jump ahead to Chapters 13–15, after completing Part II.
Chapters 11 and 12 cover problems in which there is sensing uncertainty. These
problems live in an information space, which is detailed in Chapter 11. Chapter
12 covers algorithms that plan in the information space.
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PART I
Introductory Material
Chapters 1-2

PART II
Motion Planning
(Planning in Continuous Spaces)

Chapters 3-8

PART III
Decision-Theoretic
Planning
(Planning Under Uncertainty)

Chapters 9-12

PART IV
Planning Under
Differential Constraints
Chapters 13-15

Figure 1: The dependencies between the four main parts of the book.
If you are interested mainly in decision-theoretic planning, then you can read
Chapter 2 and then jump straight to Chapters 9–12. The material in these later
chapters does not depend much on Chapters 3–8, which cover motion planning.
Thus, if you are not interested in motion planning, the chapters may be easily
skipped.
There are many ways to design a semester or quarter course from the book
material. Figure 2 may help in deciding between core material and some optional
topics. For an advanced undergraduate-level course, I recommend covering one
core and some optional topics. For a graduate-level course, it may be possible
to cover a couple of cores and some optional topics, depending on the initial
background of the students. A two-semester sequence can also be developed by
drawing material from all three cores and including some optional topics. Also,
two independent courses can be made in a number of diﬀerent ways. If you want to
avoid continuous spaces, a course on discrete planning can be oﬀered from Sections
2.1–2.5, 9.1–9.5, 10.1–10.5, 11.1–11.3, 11.7, and 12.1–12.3. If you are interested
in teaching some game theory, there is roughly a chapter’s worth of material in
Sections 9.3–9.4, 10.5, 11.7, and 13.5. Material that contains the most prospects
for future research appears in Chapters 7, 8, 11, 12, and 14. In particular, research
on information spaces is still in its infancy.
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Motion planning
Core:
2.1-2.2, 3.1-3.3, 4.1-4.3, 5.1-5.6, 6.1-6.3
Optional: 3.4-3.5, 4.4, 6.4-6.5, 7.1-7.7, 8.1-8.5
Planning under uncertainty
Core:
2.1-2.3, 9.1-9.2, 10.1-10.4, 11.1-11.6, 12.1-12.3
Optional: 9.3-9.5, 10.5-10.6, 11.7, 12.4-12.5
Planning under differential constraints
Core:
8.3, 13.1-13.3, 14.1-14.4, 15.1, 15.3-15.4
Optional: 13.4-13.5, 14.5-14.7, 15.2, 15.5
Figure 2: Based on Parts II, III, and IV, there are three themes of core material
and optional topics.
To facilitate teaching, there are more than 500 examples and exercises throughout the book. The exercises in each chapter are divided into written problems and
implementation projects. For motion planning projects, students often become
bogged down with low-level implementation details. One possibility is to use the
Motion Strategy Library (MSL):
http://msl.cs.uiuc.edu/msl/
as an object-oriented software base on which to develop projects. I have had great
success with this for both graduate and undergraduate students.
For additional material, updates, and errata, see the Web page associated with
this book:
http://planning.cs.uiuc.edu/
You may also download a free electronic copy of this book for your own personal
use.
For further reading, consult the numerous references given at the end of chapters and throughout the text. Most can be found with a quick search of the
Internet, but I did not give too many locations because these tend to be unstable
over time. Unfortunately, the literature surveys are shorter than I had originally
planned; thus, in some places, only a list of papers is given, which is often incomplete. I have tried to make the survey of material in this book as impartial
as possible, but there is undoubtedly a bias in some places toward my own work.
This was diﬃcult to avoid because my research eﬀorts have been closely intertwined
with the development of this book.
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