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The Transportation Problem

LEARNING OBJECTIVES :

After studying this unit you will be able to :
Formulate a transportation problem
Find initial basic feasible solution by various methods
Find minimum transportation cost schedule
Ascertain minimum transportation cost schedule
Discuss appropriate method to make unbalanced transportation problems b.

Examine prohibited and prefered routes

Formulate and solve transportation problem

12.1 INTRODUCTION

This chapter is devoted to special problems that belong to the so called transporte
These special problems are quite important from the practical point of view. Thei
importance arises because several real situations can be described by systems of
that fall into the transportation class. Sizeable applications of linear programming pro
been made in this filed.

A typical transportation problem is concerned with selecting routes in a production distrib
among manufacturing plants and distribution warehouses or among regional distribution
and local distribution outlets. The objective is to schedule transportation of products fror
destination in such a way as to minimise the totak transportation cost.

A transportation problem can be paraphrased by considering m factories which s
warehouses or distribution centers. The factories produce googsaat. levelaad the
demand are requirements of the distribution centers for these, ghods) aesiiectively.

If the unit cost of shipping from i-th factory to Warehpuhatje;bipping pattern minimizes
the transportation cost?

Let >”<denote number of units transported from factory | to destination |
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m n

Minimize Z = Co X i, 3)

i=j =1 i’
i >0 for all 1,

Equation 1 is interpreted as the sum of what leaves each factory (or origin) for the
warehouses (or destinations) is equal to what is produced at the factory, (2) implies that
of what arrives at each warehouse from the various origins in equal to the demand
warehouse. The double sum of equation 3 represents the total transportation cost. Tt
negative conditions (4) arise because negative valueyfar/eamw yhysical meaning.

Solution to the problem described by equations 1 to 4 is given under the condition that

m n

H3 T

From the physical point of view this condition means that the system of equations is in
i.e., total production is equal to the total requirements. Equations (1) and (2) may be e»
as below.

Xy %y ¥X1= g

12 +)g$+ "'+an az
m1+Xm +an = am

1+)&2+ +X[1T':q
X12 +)$2+ +Xg1: g

X1n+)%n+ ""%n: Q
This is a system of (m+n) equations in mn unknown; but the equations are not independ
important observations about the system of equations are worth noting.

i) The co-efficient 9:’; xare either 1 or O
i)  Any xappears only once in the first m equations and once in the last n equations.

Our problem is to determui,nthex guantity that is to be shipped from the i-th origin to the j:
destination in such a way that the total transportation cost is minimum. The quantities of
can be tabulated as below.
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Destinations

Origins D D,... D... D Available
0, C, Cppre-- G- G, a
0, C,, Cppr--- G- G, a,
0, C, cil.... G- C a
0, C.; cm,.... Gy C., a,
Required b b,... b... b, Total

The method for solving the class of problems consist of finding a basic feasible solu
not optimal (an interactive procedure is used to improve it) then optimality test is appl
it an optimal solution.

12.2 METHODS OF FINDING INITIAL SOLUTION TO TRANSPORTATION PRC

12.2.1 Northwest corner Ruldre idea is to find an initial to find an initial basic fea
solution i.e., a set of allocations that satisfied the row and column totals. This metl
consists of making allocations to each row in turn, apportioning as much as possible
cell and proceeding in this manner to its following cells until the row total in exhaus

The algorithm involved under north-west corner rule consists for the following steps
Steps:

1. Before allocation ensure that the total of availability and requirement is equal.
make same equal.

2. The first allocation is made in the cell occupying the upper left hand corner of
The assignment is made in such a way that either the resource availability is ¢
or the demand at the first destination is satisfied.

3. (a) If the resource availability of the row one is exhausted first, we move down t
row and first column to make another allocation which either exhausts the
availability of row two or satisfies the remaining destination demand of column

(b) If the first allocation completely satisfies the destination demand of columr
move to column two in row one, and make a second allocation which either ext
remaining resource availability of row one or satisfies the destination requirem
column two.

4, The above procedure is repeated until all the row availability and column reg
are satisfied. Consider, for example, the following sample problem. This methoc
use transportation costs which we shall bring in later in the other method.
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Available
10
12
4
18
20

Required 8 8 16 3 8 21

Row wise allocation as above, is made below. The maximum that can be allocated.

8 2 10/2/0
6 6 12/6/0
4 4/0
6 3 8 1 18/12/9/1/0
20 20/0
8 8 16 3 8 21
0 6 10 0 0 21
0 6 0
0

In cell (1, 1) 8 is allocated. This satisfies completely the requirements of column
availabilities of row 1 are not completely exhausted. Therefore, we proceed to cell (
row 1 and allocate the remaining 2 units. We can start at cell (2,2) only since first cc
requirements have been completely satisfied, there is nothing that we can allocate in
cell (2,1). By the aforesaid procedure, we allocate 6 units to cell (2,2) and another
to cell (2,3) exhausting completely the availabilities of row 2. This process is con
until we reach the cell (5,6).

12.2.2 The Least cost method:

i) Before starting the process of allocation ensure that the total of availability and d.
is equal. The least cost method starts by making the first allocation in the cell v
shipping cost (or transportation cost) per unit is lowest.

ii)  This lowest cost cell is loaded or filled as much as possible in view of the
capacity of its row and the destination requirements of its column.

i)  Wemove to the next lowest cost cell and make an allocation in view of the reme
capacity and requirement of its row and column. In case there is a tie for the |
cost cell during any allocation, we can exercise our judgment and we arbit
choose cell for allocation.

iv)  The above procedure is repeated till all row requirements are satisfied.
12.2.3 Vogel's Approximation Method (VAM)

The Vogel's Approximation Method (VAM) is considered to be superior to the nor
corner rule in that it usually provides an initial solution that is optimal or nearly so. The
we shall also stick to it for the discussion ahead. However, the readers may like to t
hand on the following solved examples by the northwest corner rule and least-cost I
for sake of practice. But we here apply VAM method.
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VAM entails the following steps

Step 1:For each row of the transportation table identify the smallest and next ¢
costs. Find the difference between the two costs and display it to the right of th:
“Difference” (Diff.). Likewise, find such a difference for each column and display
that column. In case two cells contain the same least cost then the difference will
as zero.

Avail.  Diff.
4 6 9 2 7 8 10 2
3 5 4 8 10 0 12
12/0 3
2 6 9 8 4 13 4 2
4 4 5 9 3 6 18 1
9 8 7 3 2 14 20 1
Req. 8 8 16 3 8 21/9
Diff. 1 1 1 1 1 6

Step 2:From amongst these row and column differences, select the one with the
difference. Allocate the maximum possible to the least cost cell in the selected ¢
row. If there occurs a tie amongst the largest differences, the choice may be m
row or column which has least cost. In case there is a tie in cost cell also, choic
made for a row or column by which maximum requirement is exhausted. Hatch th
or row containing this cell whose totals have been exhausted so that this column
ignored in further consideration.

Step 3:Recompute the column and row differences for the reduced transportati
and go to step 2. Repeat the procedure until all the column and row totals are e

The VAM is applied to the previous problem on the table above as an illustration
in the table are the given unit shipping costs.

The arrow indicates that the last column having the largest difference from am
rows and columns is selected for allocation. Cell (2, 6) with the least cost is picke

4 6 |9 2 7 8 Avail Diff
10 2
12
3 5 |4 8 10 0
4
6 |9 8 4 13 4/0 2
4 |5 9 3 6 18 1
8 3 2 14 20 1
Req g4 8 16 3 8
Dt 5 2 2 1 1



12.6 Advanced Management Accounting

[ 3]

4 6 9 2 7 8 10/7 92—
12
3 5 4 8 10 0
T

2 6 9 4 13

4 4 5 3 6 18 1

9 8 7 3 2 14 20 1
Req. 4 8 16 3/0 8
Diff. 0 2 2 1 1

allocated 12 units. Row 2 is hatched since its total is exhausted.
This procedure is continued in the following tables until all the colums and rows are he
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Ii‘ Avail Diff.
4 6 9 2 7 8 7 2
12
3 5 4 8 10 |0 |
4
2 6 9 8 4 13
\i
4 4 5 9 3 6 189 1
9 8 7 3 2 14 20 5
Reqd. 4 8 16 8 9/0
Diff. 0 2 2 2 1 2
[ 3] Avail DI
4 6 9 2 7 8 7 2
|£
3 5 4 8 10 0
L4
2 6 9 8 4 13
9
4 4 5 9 3 6 9 0
8
9 8 7 3 2 14 2012 Be
Req. 4 8 16 8/0
Diff 0 2 2 1
3 Avail Diff.
4 6 9 2 7 8 7 2
12
3 5 4 8 10 0
4
2 6 9 8 4 13
8 9
4 4 5 9 3 6 oIt 0
8
9 8 7 3 2 14 12 1
Req 4 8/0 16

Diff. 0 2 2
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[ 3]
4 6 9 2 7 8 713 5—
|12 |
3 5 4 8 10 0
L4
2 6 9 8 4 13
L8] L]
4 4 5 9 3 6 1
[ 2]
9 8 7 3 2 14 12 2
Req 40 16
Diff. 0 2

Since only one column is left in the table above there is no question of finding the diffe
and 16 units are allocated to the various cells of this column straightway as below

4 3 3 Availability
4 6 9 2 7 8 10
L12]
3 5 4 8 10 0 12
4
2 6 9 8 4 13 4
Le] [4] 9
4 4 5 9 3 6 18
12 8
9 8 7 3 2 14 20
Req. 8 8 16 3 8 21

So many tables above have been drawn merely for exposition. All we shall see wi
following examples the initial allocation by VAM can as well be obtained in just one

The superiority of VAM lies in the fact that, unlike the Northwest Corner rule, no
availabilities and requirements are taken into account but also due regard is paid
unit costs. A row and column difference actually indicates the minimum unit penalty ir
by failing to make an allocation to the smallest cost cell in the row or column.

12.3 OPTIMALITY TEST:

Now we know how to obtain the initial basic feasible solution but it remains to be
whether it is optimal or not if it is not so, how do we go about deriving the optimal so
Before we taken up this matter it is necessary to explain theindegeptierdfce and
non-independencamongst allocations. Towards this, consider the following transporta
tables of different problems. The allocations in these are shown by plus signs.
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+ [ l +
+ 4
+
+ +
{
+ +
1
+ +
+
+ +
+ +
+ + +
+
+

The lines constitute, in these allocation pattern what is known as loops. A loop m:
not involve all the allocations. It consists of (at least 4) horizontal and vertical line
allocation at each corner which, in turn is a join of a horizontal and vertical line
stage the last loop above is to be particularly noted. Here, two lines intersect eac
cell (2,4) and do not simply join; therefore, this is not to be regarded as a corr
allocations in which a loop can be formed are known as non-independent, where
in which a loop cannot be formed as regarded as independent. Towards explanat
nomenclature consider the following allocation pattern with a loop in it.

4 T 6 10
g —T— 2 10

5
12 8

It is possible to progressively adjust the allocations along the corners of the loo
violating the row and column totals. One adjusted allocations pattern for the abov
show below as an example.

4-2=2 6+2=8
8+2=10 2-2=0
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But such a possibility of reallocation does not exist where a loop cannot be forme
allocations are independent.
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Coming back now to the optimality test to be described shortly it can be appliec
transportation table if it satisfies the following conditions.

(1) it contains exactly m+n-1 allocations where m and n represent the number of row
column of the table.

(2) These allocations are independent i.e. a loop can not be performed by them

Without giving the proof, we may also mention that whenever there are m+n-1 allc
and a tick is placed in an empty cell one and only one loop can be passed throuc
ticked cell and some are all of the m+n-1 allocation.

| 4] | 3 E Availabilty
4 6 9 2 7 8 10
[12]
3 5 4 8 10 0 12
L4]
2 6 9 8 4 13 4
Le] L1 H
4 4 5 9 3 6 18
12 8
7 3 2 14 20
Req. 8 8 16 3 8 21

Cell Evaluations:

Consider the initial solution to the transportation problem on hand as obtained by VA
reproduced above.

The allocations are m+n-1 in number and independent. It may be stated in passin
initial allocations obtained by Northwest Corner rule or VAM are always in indepe
positions though they may be m+n-1 or less than m+n-1 in number. The motivation
optimality test is to see if it is possible to improve upon the existing solution. In the s
language, are any of the net evaluations negative? Before we attempt this for the p
on hand let us see what net evaluations mean in the context of transportation proble
in the simplex method, we want to replace a basic variable with a non-basic variab
want to zeroise an existing allocation cell and instead make some allocation in an
cell. The problem then boils down to determination of an “outgoing allocation” al
“incoming allocation” that brings us closest to the optimal, if at all possible.
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|_4| MJ Bl B Availability
4 6 9 2 7 8 10
|£
3 5 4 8 10 0 12
[ 4]
2 6 9 8 4 13 4
Lsl L1 ] L9 |
4 4 5 9 3 6 18
9 8 7 |£J 3 2 IiJ 14 20
Req. 8 8 16 3 8 21

Towards this, we arbitrarily select the empty cell (1, 2), put a tick in it meaning the
to make some allocation in it and zeriosie one (or more) existing allocating. Fc
mentioned above, one and only one loop can be formed in the allocation patte
shown in the table above. If we bring one unit to the ticket cell, other allocatior
corners of the loop would be adjusted as below.

0+1 3-1

8-1 1+1

This would mean lowering of the cost by
6x1-9x1+5%x1-4x1 = 2
This then is the net evaluation of the ticketed cell and obviously it would pay to
cell into solution since the cost would be reduced by 2 per unit transferred to this
loop. Likewise, we can compute cell evaluations for all the empty cells and sele
the incoming one which has the most —ve cell evaluation.
The procedure would consist of ticking each empty cell, forming a loop involvin
and computing the cell evaluation for a unit transfer to the ticket cell along the loop.
this would be a rather lengthy procedure. Fortunately there exists a much easit
computing cell evaluations for all empty cells at one stroke. This is what we des
the optimality test above and it is applicable to transportation tables containing |
+m —1 independent allocations. It consists of the following steps:
1. Determine a set of m +n numbers

u; i=1,2..m

vj;j =1,2...n
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such that, for each occupied cell
G =y
2. Compute the cell evaluatjjol'rmr each empty cell (I, j) by the relationship

i = G~ (v

Let us apply this optimality test to the problem on hand. Below is the table indicating |
unit costs in allocated cells in the problem on hand. W det ow 1. it could be
assigned any other value but zero has been assigned for ease in subsequent comput

Also it is desirable to select that row or column which contains maximum numk
allocations. In this case row 1 has a maximum of 3 allocations. Now, we wish to fil
value of y v, and y for the column of these 3 allocations which can be accomplished
below.

U, +v = 4 Since, & 0 therefore, V4
U+y=9 y=9
U +y =2 y=2
U
- 9 2 0 (ur)

0 =10 (u2)

2 -2 (us)

4 5 6 -4 (ug)

7 2 -2 (us)

Vi 4(w1) 8(v2) 9(va) 2(va) 4(vs) 10(vs)

Values of = 4, y= 9, y= 2 have been entered at the foot of each volume. Now let |
proceed with,w, and yin turn.

v, U +v =2 since \F 4, therefore, @ -2 is entered
vy u,+% =5 since = 9, therefore, , @ -4 is entered
v, No more allocation in its column and we ignore it.

Having established and entered valugsndfwlet us take up these in turn.

u, No more allocation in its row and we ignore it.

u, u+v,=4 since = -4 Therefore, ¥ 8 is entered
u,+v =6 since U= -4 therefore,v 10 is entered
Proceeding is this manner we fill up all ui's and vj's

In the following table, we delriwjz for each empty cell.
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8 . 4 10
-6 -2 L1 -8 -6
L6 )7 0 2 8
-2
6 0 8
Uty

The following table gives te cell evaluations derived by subtracting above figures
original unit costs.

-2 -2
9 7 5 16 16
2 8 2 5
1
2 9 6
j = Cij- (Ui +v)

Since some of th§s are —ve the initial solution is not optimal. It would pay the m
zeroise an existing allocation and allocate as much as possible to thlrlstmtbs(ﬁ,—ve
1). There are two cells having the same moi]stWeepick up one of them arbitrarily fc
ticking.

This is done below is the allocation table by ticking cell (1,6) and involving it in the

4 3 3

1
12 8

Transferring the maximum amount to the ticked cell
Reallocation is done by transferring the maximum amount to the ticketed cell. Tt
obtaining the maximum amount (sgy, that can be transferred to the ticked cell

derived below:
3-6
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Starting with the ticked cel$ added to and subtracted from the corner allocation
alternately.
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nax= Minof 3-=0
9=0 =3 Thus =3
Reallocation along this loop is shown below for clarity:

Complete reallocations follow:

4 3 3
12 Reallocation
matrix
4
8 4 4 6 (optimal as
tested below)

The optimality test is performed below:

uj
4 2 8 0
0 -8
2 -2
4 5 6 -2
7 2 0
4 6 7 2 2 8
6 7 2
-4 -2 -1 -6 -6
4 5 0 0 6
2 0 0
4 6 2 8

(uj+ vj) matrix
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0 2 5
7 5 14 16
4 8 4 7
2 9 3 & Matrix
5 2 1 6

Since none of thg is —ve this solution is optimal.

Least cost 4x4 = 16
3x2 = 6
3x8 = 24
0x12 = 0
4%2 = 8
8x4 = 32
4x5 = 20
6x6 = 36
12x7 = 84
8x2 = 16

242 Answer

12.4 SPECIAL CASES
12.4.1 Unbalanced transportation problem
[llustration

A company has factories at A, B and C which supply warehouse at D, E, F and C
factory capacities are 160, 150 and 190 units respectively. Monthly warehouse rec
are 80, 90, 110 and 160 units respectively. Units shipping costs (in Rs.) are as ft

To
D E F G
42 48 38 37
From 40 49 52 51
39 38 40 43
Solution
Avalilabilities = 16450 +190 = 500

= 800 +110 +160 = 440
506 -440 = 60

Requirements
Availabilities —Requirement
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Therefore, a dummy warehouse H is introduced, and initial solution is obtained bel
VAM in just one table.
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D E F G H Available Diff,
160 B
A |42 48 38 37 0 16010 371N
80 | [10 | 60|
B |40 49 52 51 0 150/90/10/0  48*/9/11*/1
90 | 100
c |39 38 40 43 0 190M0000  38MAR
Reg. 80/0 90/0 1101000 160/0 6010
Diff. 0 0 0 0 0
1 10* 2 6* 0

12.4.2 DegeneracyNe know that a transportation problem has m +n -1 basic variab
which means that the number of occupied cells is such a solution is one less the
number of rows plus the number of columns. It may happen sometimes that the nun
occupied cells is less than m +n —1. Such a solution is called a degene¥dee solutio
handle such a situation by introducing an infinitesimally small allocation e in the lea
and independent cell.

In this example, since there are only 6 (one less than m+n —1) allocations, an infinite
small allocation e is placed in the least cost and independent cell (1, 5). This solu
tested for optimality below. (N.B.: if allocations we m +n —2 we would place two e’s,
which are virtually zero in the 2 least cost independent cells). This device enables
apply to optimality test (m +n —1) allocations.

Vi
37 0 0
40 52 0 0
38 40 -12
Vi 40 50 52 37 0
40 50 52 (Ui + v) matrix
50 37
28 25 -12

-2

-14

14

11

18

12

i matrix
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Since there are —ve‘d\ the initial solution is not optimal. Reallocation is ¢
below by ticking the most i-jwaeﬂ'\ (1, 3) and involving it in the loop.

0 mx 160 | e Note that the maximum that can be
80 10 60 tansferred to the ticked cell is e. Since e is
‘ ‘ infinitestimally small it leaves other comner
min  min 90 | 100 allocations unaffected. (Intermediate i.e.
non corner allocations are never altered in
the process of reallocations).
e 160
80 10 60 Reallocation
90 100
This solution is tested for optimally below :
38 37 38
40 52 0 52
38 40 40
-12 2 0 -1 -52
26 36 -14
50 51 (uitv;) matrix)
28 39 -12
16 12 14
-1 0 j matrix
11 4 12
Since there are -ve g, this solution too is not optimal. Reallocation is done below :
160
o 10-6 =0
max = Min (90-6 =0) 80 t— 10-6 60
90-? 100+6
e 160
80 10 60 Reallocation
80 110
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Since there are —v@ this solution too is not optimal. Reallocation is done below.
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This solution is tested for optimality below:

u
38 37 -13
40 49 ' ' 0 0
0 38 40 ' ' -11
V. 40 49 51 50 0
27 26 -13
51 50 {vi +v)
29 39 11
15 12 13
' 1 1 | Ajjmatrix
10 4 11

Since all /s are +ve, this solution is optimal. The student may compute the minimum
cost.

12.4.3 Multiple solution case
Illustration
Solve the following transportation problem

D1 D2 D3 D4

o [ s [ 3 [ s I

Q2 4 7 [ 9 1 7

Q3 3 4 | 7 | 5 34
16 18 31 25

Solution
The initial solution is obtained below by Vogel's method

D1 D2 D3 D4 Available Cost
Difference
Q1 5 3 |6 [ 2 19/1/0 11213
12 25
Q2 4 7 [9 1 3711210 33
[4]
Q3 3 4 7 5 34/30/0 11/4
Req. 16 18 31 25
4 0 30 0
0 0
Cost 1 1 1 1

Diff 2" 1 1
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Since there are 6 (= m + n - 1) allocations the optimality test is performed below s

u
3 6 0 2 -1
4 1 2 5 8
3 7 1 4 0
Vi 2 3 6 -1 (ui + vj) Matrix
D1 D2 D3 D4
Q ' 3 ' ' ' 3
Q: 2 1
Q 0 5
A ij matrix

Since all ‘s are positive the initial solution itself is optimal. Also, simceemwethere
exists other optimal solution, too i.e. A freran unused square means that if this route w
brought into the solution, the shipping assignments would change, yet the total trat
cost would be same. To determine what this alternative optimal solution is, we follov
procedure used for bringing any route into the solution.

12.5 MAXIMIZATION TRANSPORTATION PROBLEMS
lllustration

A company has 3 factories manufacturing the same product and 5 sole agencies i
parts of the country. Production costs differ from factory to factory, and the sales p
agency to agency. The shipping cost per unit product from each factory to any
known. Given the following data, find the production and distribution schedul
profitable to the company

Production Max capacity Factory i
cost/unit No. of units
20 150 1
22 ' 200 ' 2
18 I 125 I 3
1 1 5 9 4
| 9 7 8 | 3 6 | }
4 5 3 2 7 Shipping Costs
1 2 3 4 5 | Agency |
| 80 100 75 45 125 Demand to be met
30 32 3 34 29 Sales price
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Solution

The profit matrix is derived below from the equation;
Profit = Sales —production cost —shipping cost.

1 2 3 4 5

1 9 1 6 5 5

profit matrix 2 i T 9 1
3 8 g | 10 1“4 | 4

The above profit matrix is converted into a loss matrix so that minimization transportatic
rithms can be applied.

This is done by subtracting each entry of the above table from 14 (the largest numbel
table). Subsequently we get the following loss table.

1 2 3 4 5
1 5 3 8 9 9
2 15 " 13 5 13
3 6 5 4 0 10

Since the problem is unbalanced, a dummy warehouse is added and the initial solu
obtained by VAM below:

1 2 3 4 5 Dummy Availability Diff

1 5 3 8 9 9 0 150/50/0 321212114
9

2 15 " 13 5 13 0 200/150106/0  5%/6%2/212
3 6 5 4 0 10 0 125/50/20/0 ord/1114
Req. 80 100 15 45 125 50

30 0 0 0 1056 0

0 0
Diff. 1 2 4 5" 1 0

9 3

Since there are 8 (= m + n - 1) allocations the optimality test is straightway performed

u

5 13 0 0
6 4 10 | [ &
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3 1 9 -4
9 7 7 (ui +vj)
4 2 -3
5 8 0 4
6 4 6 Aj
1 -2 3
20-0=0 50 100
max = min (20—{}=0) 45-0 1 105+? 50
=20 30 5| 202
50 100 Reallocation
25 125 50 Mtk
30 75 20
Ui
5 3 -6
5 13 0
6 4 0 -5
Vi 11 9 9 5 13
3 7 -6
11 9 9 Al matrix
4 8 -5
(Ui + vjj matrix
10 2 8
4 2 Ajymatrix
1 2 5

Since all 4; are positive this solution is optional
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50x9 = 450
100x11 = 1,100

25x9 = 225
125x1 = 125

30x8 = 240
75%10 = 750
20x14 = _ 280

Rs. 3,170 Answer

12.6 PROHIBITED ROUTES:

Sometimes in a given transportation problem, some routes may not be available.
could be several reasons for this such as bad road conditions or strike etc. In such sitt
there is a restriction on the route available for transportation. To handle such typ
situation, a very large cost (or a negative profit for the maximization problem) represe

or M is assigned to each of such routes which are not available. Due to assignn
very large cost, such routes would automatically be eliminated in the final solutior
problem is the solved in its usual way.

[llustration
Solve the following transportation problem:

1 2 3 4 5 6 Stock
Available
1 7 5 7 7 5 3 60
2 9 11 6 11 - s | a2
3 1 10 6 2 2 8 90
4 9 10 9 6 o | 12 | 50
DEMAND | Y 20 40 20 0 | 40 |

Note: It is not possible to transport any quantity from factory 2 to godown 5. State wt
the solution derived by you is unique.

Solution
The initial solution is found by VAM below:

Factary Godowns Availability biff
1 3 3 5 §
(7] ]
7 § 7 7 5 3 g0/40/¢ 2iai0
{11] 10
2 JU " _]ﬁ 11 ? 5 2001010 Ha
I L O
3 1" 10 8 H i B 80/70/3010 Dlardis
ﬂ
] 10 ) B L] 12 50/0 30
Damand 60 ed 40 20 40 40
H118 1 18 i b 0
a ]
oiff 2 £l IR} 3 2
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The above initial solution is tested for optimality. Since there are only 8 allocatior
require 9(m+n-1 =9) allocations, we put a small quantity in the least cost indepe
(2, 6) and apply the optimality test., £é1 and then we calculate remaining l]Ji and |

Factory Godowns u;
1 2 3 4 5 6
ﬂ 40
1 7 5 7 7 5 3 -2
™ m <]
2 9 " 6 " 5 0
EpaE
3 " 10 6 2 2 8 0
50
4 9 10 9 6 Q9 12 0
Vi 9 7 6 2 2 5

Now we calculate = ¢ — (y+V) for non basic cells which are given in the table bel

0 3 7 5
4 9 )
2 3 3
3 3 4 7 7
Aijmatrix

Since all ij are positive, the initial solution found by VAM is an optimal solution. 1
allocations are given below:

Factory to  Godown Unit Cost \
1 2 20 5 100
1 6 40 3 120
2 1 (0] 9 D
2 3 (0] 6 @
3 3 30 6 180
3 4 D 2 D
3 5 D 2 k9]
4 1 D 9 __450
Total cost Rs. 1,120

The above solution is not unique because the opportunity cost of cell (1,2) is zer
alternative solution exists. Students may find that the alternative solution is as gi\
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Factory to Godown Unit Cost Value
1 1 0 7 0
1 2 20 5 100
1 6 D 3 D
2 3 0 6 @
2 6 0 5 &)
3 3 30 6 180
3 5 D 2 ()
3 4 D 2 D
4 1 59} 9 450

Total cost (Rs.) 1,120
[llustration

The Link manufacturing company has several plants, three of which manufactur
principal products, standard card table and deluxe card table. A new deluxe card ta
be introduced which must be considered in term of selling price & costs. The ¢
prices are: Standard Rs. 14.95, Deluxe Rs. 18.95, and new Deluxe Rs. 21.95.

Requirements alWable costs Available plant capacity
Model Quantity Plant A PlaB Plant C Plant Capacity
Standard 450 8.00 7.95 8.10 A 800
Deluxe 1,050 8.50 8.60 8.45 B 600
New Deluxe 600 9.25 9.20 9.30 C 700

Solve this problem by the transportation technique for the greatest contribution.
Solution

(The student should be in a position to follow the computational steps below w
explanation)

6.95 7.00 6.85 Note: 6.95 #4.95 - 8.00
10.45 10.35 | 10.5D 10.45 = 18.95 - 8.50
12.70 12.75 | 12.65
Contribution matrix

The following relative loss matrix has been obtained by subtracting each figure in the
contribution matrix from the highest figure of 12.75 and multiplying by 100 to get
numbers for case in subsequent arithmetic.
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The above allocation has been obtained by Vogel's rule.

Since there are 4 i.e., less than m+ n-1 allocations, a small allocation e is plac
least cost independent cell (3, 1). The optimality test is performed tajelows

580 580 575/ 575
230 225 225 u@ vj) matrix
5 0 5 0
v 0 -5 -5
0 15
15 j matrix
8

Since no ,is —ve this initial solution itself is optimal. Also since there isijaherzero
exists alternate optimal solution too. The largest contribution is given by.

6.9%450 +10.4850 +12.2%00 +10.5000 =21,785 answer.

Note:in the examples solved herein we see that sometimes we get allocation les
+n-1 in the initial solution. We place’s in the least cost independent cells. |
possible that we get less than m +n —1 allocations in an intermediate reallocatior
case we would place e’s in the most, +vdependent cell.

12.7 MISCELLANEOUS ILLUSTRATIONS
Illustration

A company wishes to determine an investment strategy for each of the r
years. Five investment types have been selected, investment capital has been all
each of the coming four years, and maximum investment levels have been estak
each investment type. An assumption is that amounts invested in any year wi
invested until the end of the planning horizon of four years. The following table s
the data for this problem. The values in the body of the table represent net r
investment of one rupee up to the end of the planning horizon. For example,
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Year A B C D E
20 e+0 50 45 500+0
1 20 10 40 2 25 0
20 600 35 25 25
2 45 35 60 4 40 50
0 -5 10 750 10
3 70 75 70 5 50 80
250 -7 500 M 5
4 85 88 75 | 6 65 90
500 10 10 20 500-0
Dummy 100 100 100 100 100
vi=85 v, =95 v3=T75 vy =65 vs = 85
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/S are positive, hence, the second solution obtained above is optime
allocation is given below.

In the year Investment type Amount (in ‘00(
1 E 500
2 B 600
3 D 750
4 A 250
4 C 500
4 D D

The net return on investment for planning horizon of four years period is given b
500x1.0+600<0.65 +75&0.50 +25&0.15 +50€D.25 +500.35 = Rs. 1,445 thousands
Illustration

XYZ and Co. has provided the following data seeking your advice on optimum i
strategy:

Investment made at Net return data (in paise) Amount
the beginning of year of selected investments | available (lakhs)
P Q R S
1 % a0 70 60 70
2 5 6 60 50 4
3 70 45 50 40 D
4 60 40 40 D 0
Maximum Investment
(Lakhs) 4( 50 60 60 —
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Yeart Net return data (in paise) Amount
of investments available (lakh
P Q R S Dummy

1 b & 70 60 0 0

2 IS 6 &0 50 0 D

3 70 45 50 40 0 D

4 60 40 40 0 0 D
Maximum Investmen 50 g0 60 20 -

s)
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Since all ;> 0 for the non allocated cells, hence the solution given by above matrix is optimal.
optimal solution for the given problem is given below:

From Factory

o 0O w >

D

Dummy

To sales Centre

N P W DN

Quantity

100
20
60
2
60

60

(Note: Since some of theu., are equal to zero, alternate

Profit per unit Total profit

(Rs.) (Rs.)

3 300

-1 -20

5 300
2 D
@

0 0

Total profit __680

solution also exists).
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Loss Matrix Sales Offices Capacity

Plant 1 2 3 4 5 in units
1 5 3 8 9 9 150
2 15 11 13 5 13 200
3 6 5 4 0 10 125

Demand 80 100 75 45 125
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SUMMARY
€ Finding of initial base feasible solution
North west corner method
Least cost method
Vogels approximation method
€ Optimality test can be applied if it satisfies the given two conditions:

It contains exactly m+n-1 allocations where m and n represent the number
rows and column of the table.

These allocations are independent i.e. a loop can not be performed by the
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